The enumeration of connected graphs and linked diagrams  by Nijenhuis, Albert & Wilf, Herbert S
JOURNAL OF COMBINATORIAL THEORY, Series A 27, 356359 (1979) 
Note 
The Enumeration of Connected Graphs and Linked Diagrams 
ALBERT NIJENHUIS* AND HERBERT S. WILF* 
University of Pennsylvania, Philadelphia, Pennsylvania 19104 
Communicated by John Riordan 
Received October 26, 1978 
Constructive combinatorial proofs are given for recurrence formulas which 
count, respectively, labeled connected graphs and linked diagrams. Previous 
proofs were analytical in nature. Our combinatorial proofs give rise to al- 
gorithms for selecting at random a labeled connected graph or a linked diagram. 
1. INTRODUCTION 
We discuss two enumeration problems for which simple recurrence 
formulas are known for the counting sequences involved, but for which 
the simple recurrences do not have correspondingly simple, constructive 
combinatorial proofs. We provide such proofs here. As corollaries, since the 
recurrences have positive coefficients, we obtain by following the methods of 
[I, 21 algorithms for the selection, uniformly at random, of a labeled connec- 
ted graph with a given number of vertices, or of a linked diagram on a given 
number of points. 
One additional common feature of the two recurrence formulas is that 
John Riordan was instrumental in both of their discoveries. 
2. LABELED CONNECTED GRAPHS 
First, let C, denote the number of connected labeled graphs on p vertices. 
For this sequence we have the recurrence 
This was derived by Riordan from a generating function for labelled trees 
by number of inversions, as mentioned in [5, p. 81. 
* Research supported by the National Science Foundation. 
356 
0097-3165/79/060356-04$02.00/0 
Copyright 0 1979 by Academic Press, Inc. 
All rights of reproduction in any form reserved. 
ENUMERATION OF CONNECTED GRAPHS 357 
Since Riordan’s deduction is not available in print, here is a brief outline. 
In Eq. (2) of [3] put x = 2. One sees then that the exponential generating 
function of the sequence {J,(2)} satisfies the same functional equation as that 
for {C,}, hence C, = J,(2). But then, the unnumbered formula for Jn+l(x) 
in the middle of page 94 of [3], with x = 2, yields (1) above. 
We now give a direct proof of (1). Fix an integer p 3 2 and an integer k, 
1 < k < p - 1. Choose a labeled connected graph G on k vertices (C, ways) 
and a labeled connected graph H on p - k vertices (CD-, ways). Next, 
choose a (k - I)-subset S of (2, 3,..., p - I} ((:I,“) ways), and a nonempty 
subset T of vertices of G (2k - 1 ways). 
In the graph G, renumber the vertices other than vertex 1, using the elements 
of S as labels, preserving the order of the original labels (one way). In the 
graph H, relabel the vertices using the elements of (2, 3,..., p} - S as labels, 
preserving the order of the original labels (one way). Finally, join vertex p 
of H to all the vertices of T, producing a certain connected labeled graph 
W = W(p, k, G, H, S, T). The number of such connected graphs W which 
are produced by this construction is evidently given by the right side of (1). It 
remains to show that every connected graph on p vertices is constructed. 
Hence, consider a connected labeled graph F, of p vertices. Let G denote 
the connected component of F - {p} which contains 1, let k = j V(G)/, 
let H = the subgraph induced by (1 ,..., p} - V(G). Put T = {in V(G)j{i,p} 
is an’edge of a}, and S = {i E V(G)1 i # I}. Relabel V(G) consecutively by 
{l,..., k}, and V(H) consecutively by {l,..., p - k}, preserving the order of 
the labels. Then F = W(p, k, G, H, S, T) 1 
It is worth remarking that the reason for our interest in (1) rather than in 
the standard recurrence for the sequence C, , namely, 
(2) 
is that (2) does not provide a recursive recipe for the construction of connected 
graphs, even though its combinatorial proof is well known (consider the 
labeled graphs on p vertices such that the connected component of vertex 1 
has exactly k other vertices) because, when regarded as a recurrence in the 
C, it does not have positive coefficients, in contrast to (1). 
As a corollary of the proof we obtain the following algorithm for choosing, 
uniformly at random, a labeled connected graph W= CONN(p), ofp vertices. 
Algorithm CONN( p). 
(A) If p = 1, then set CONN(l) to {I} and exit. 
(B) Else, choose an integer k with the probabilities 
Prob(k) = (E 7 f) (2’ - 1) CC,..-k/C, (k = l,..., p - 1). 
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(C) Let G + CONN(k), H +- CONN(p - k); Choose S, a random 
(k - I)-subset of (2, 3,..., p - k), and T, a random nonempty subset of 
u,..., k}. Set CONN(p) + W(p, k, G, H, S, T), the construction described 
in the text above, and exit. 1 
3. LINKED DIAGRAMS 
By a complete pairing on 2n points we mean an equivalence relation in 
which each class has cardinality 2. We consider the case where the points lie 
on the real line. Such a pairing is reducible if the union of a proper subset of 
its classes is precisely a set of consecutive points; irreducible otherwise. A 
linked diagram is an irreducible complete pairing. .Figures 1 and 2 show a 
reducible and an irreducible complete pairing on the points l,..., 8. 
12345678 12345678 
FIGURE 1 FIGURE 2 
Let S,, denote the number of linked diagrams on 2n vertices say 1, 2,..., 2n. 
Stein [4], showed that 
s n+1 - 
- c cr,! "j a,! j=l 
fj [(2j - 1) SJ) 
holds, where the sum is over partitions of n. From this, Riordan showed 
that in fact the much simpler relation 
n-1 
s, = (n - 1) c L&s,-, (n > 2; s, = 1) (4) 
k=l 
is true. His proof was by manipulation of the generating function of (3). 
We now give a direct combinatorial proof of (4). Fix an integer n 3 2, 
an integer k, 1 < k < n - 1, and an integer I, 1 < I < 2k - 1. Choose a 
linked diagram G of 2k vertices (S, ways) and a linked diagram H of 2n - 2k 
vertices (S,-, ways). Let J denote the companion of the left-most vertex 
in H. Delete vertex J and its incident edge from H. Insert the entire diagram G 
into the slot in the diagram H which was occupied by J. Insert a new vertex 
in the l-th of the 2k - 1 spaces between the vertices of G, and pair it with 
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the left-most element of the outer diagram H. This yields the diagram 
W = W(n, k, G, H, I). 
It is easy to see that W is irreducible, and that we construct, by this method, 
exactly 
n-1 
& W - 1) S&-k 
linked diagrams on 2n points. 
Now, let F be any linked diagram on 2n points I,..., 2n. Let J be the com- 
panion of vertex 1 in F. Delete the pair (1, J) from F. In the resulting (possibly 
reducible) complete pairing on 2n - 2 points, let G be the irreducible 
component surrounding J, i.e., the smallest interval [J - 1, J + t] - (J} 
(I > 1, t > 1) which is completely paired in this deleted F. Let 2k = I+ t, 
and H = F - G. Then F = W(n, k, G, H, I). 
It follows that 
n-1 
S,, = C (2k - 1) S,S,,-, . 
X=1 
If we change the summation variable to n - k, add the result to (5) and 
divide by 2, then we have (4). The algorithm for selecting a random linked 
diagram is now obvious. 
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